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The instability of naked singularities in 
the gravitational collapse of a scalar field 

By Demetrios Christodoulou 
1. Introduction 

One of the fundamental unanswered questions in the general theory of 
relativity is whether "naked" singularities, that is singular events which are 
visible from infinity, may form with positive probability in the process of grav- 
itational collapse. The conjecture that the answer to this question is in the 
negative has been called "cosmic censorship." The present paper, which is a 
continuation of the work in [1], [2], [3] and [4] addresses this question in the 
context of the spherical gravitational collapse of a scalar field. 

The problem of a spherically symmetric self-gravitating scalar field is for- 
mulated in terms of a 2-dimensional quotient space-time manifold Q with 
boundary (see [1]). The boundary of Q corresponds to the set of fixed points of 
the group action, the center of symmetry, which is a timelike geodesic T. The 
manifold Q is endowed with a Lorentzian metric g ab , an area radius function 
r and a wave function 4> satisfying the following nonlinear system of partial 
differential equations: 

(1.1a) rV a V b r = ^g ab (l - 8 c rd c r) - r 2 T ab 

1 

T ab = d a cpd b (p - -g ab d c (pd c (f) 

(1.1b) V a (r 2 d a ^) = 0. 

These imply the following equation for the Gauss curvature of Q: 
(1.1c) K = r- 2 (l-d a rd a r) + d a (pda<p. 

The mass function m is defined by: 

(1.2) 1 - — = g ah d a rd b r. 

r 

In [2] it was shown that given an initial future light cone with vertex at 
the center of symmetry and with a region bounded by two spheres such that 
the ratio of the mass contained in the region to the largest radius is large in 
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comparison to the ratio of the radii minus 1, then a trapped region, namely 
a region where the future light cones have negative expansion, forms in the 
future terminating at a strictly spacelike singular boundary. The trapped 
region contains a sphere whose mass is bounded from below by a positive 
number depending only on the two initial radii. The results of [2] shall be used 
in an essential way in the present paper. 

Solutions with initial data of bounded variation were considered in [1] and 
a sharp sufficient condition on the initial data was found for the avoidance of 
singularities, namely that the total variation be sufficiently small, as well as 
another condition implying the formation of singularities, complementing the 
results in [2]. Also, a sharp extension criterion was established, namely that 
if the ratio of mass to radius of spheres tends to zero as we approach a point 
at the center of symmetry from its causal past, then the solution extends as a 
regular solution to include a full neighborhood of the point. The structure of 
bounded variation solutions was studied and it was shown that at each point 
in the center of symmetry the solutions are locally scale invariant. Also, the 
behaviour of the solutions at the singular boundary was analyzed. The present 
paper relies on the results of [1] as well. 

In [3] it was shown that when the final Bondi mass, that is, the infimum 
of the mass at future null infinity, is different from zero, a black hole forms 
of mass equal to the final Bondi mass surrounded by vacuum. The rate of 
growth of the redshift of light seen by faraway observers was determined and 
the asymptotic wave behaviour at timelike infinity and along the event horizon, 
the boundary of the past of future null infinity, was analyzed. 

In [4] we constructed examples of solutions corresponding to regular asymp- 
totically flat initial data which develop singularities which are not preceeded 
by a trapped region but have future light cones expanding to infinity. Thus 
naked singularities do, in fact, occur in the spherical gravitational collapse of 
a scalar field. 

The present paper nevertheless supports the cosmic censorship conjecture. 
For, we shall show in the following that in the space of initial conditions the 
subset of initial conditions leading to the formation of naked singularities has, 
in a certain sense, positive codimension, consequently the occurence of naked 
singularities is an unstable phenomenon in the context of the spherical self- 
gravitating scalar field model. 

We shall be concerned here with the part of the space-time manifold which 
lies in the past of the apparent horizon, the past boundary of the trapped 
region. This part includes the causal past of T (see [1]). Consequently, in the 
region of interest the gradient of the function r is a spacelike outward- directed 
vectorfield and we may use r as a coordinate. We also use a null coordinate 
u which is constant along the future-directed null curve from each point on 
T = dQ and increases toward the future. In terms of the Bondi coordinates u 
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and r the metric assumes the form: 

(1.3) 9abdx a dx b = -e 2u du 2 - 2e v+x dudr. 

We shall express the system of equations (1.1a), (1.1b) in Bondi coordi- 
nates. It is advantageous to use the pair of null future-directed vectorfields n 
and I, 

n = 2e 7T" e V ' l = e V 
ou or or 

(g(n,l) = -2), 

the integral curves of which are the outgoing and incoming null curves, respec- 
tively. We have: 

Ir = e~ A , nr = — e~ A . 
We note that the metric function A has an invariant geometric meaning, 

for 

is the square of the length of the mean curvature vector of the spheres which 
are the orbits of the rotation group in the 4-dimensional space-time manifold. 
It is also advantageous to express the derivatives of the wave function in terms 
of 

(1.4) e- r (!£i, c- Jn * 

We have 



Ir J ' \nr 



(1.5) 6 = r^, C = -2re^ + r^. 

Or ou or 

The mass function m, defined, in general, by (1.2), is, in terms of Bondi coor- 
dinates, given by: 

(1.6) 1 - — = e" 2 \ 

r 

The components of the energy tensor T a b are: 

T(n,n) = (n^) 2 , T(l,l) = (/0) 2 
T(n,l) = -tiT = 0. 
The trace of equation (1.1a) is 

/-, ^ ( dv d\\ 9X 

(!- 7 ) r \^Z-^Z =e 2A -l 



dr dr ) 

while the trace- free part of equation (1.1a) reduces to the following pair of 
equations for m: 

nm = -(l/2)r 2 (lr)T(n,n) = -(l/2)rV A (n0) 2 



186 



DEMETRIOS CHRISTODOULOU 



lm = -(l/2)r 2 (nr)T(l,l) = (l/2)r 2 e~ A (^) 2 ; 



that is, 



By virtue of (1.7) this last equation can be written as: 
Finally, the wave equation (1.1b) takes in Bondi coordinates the form: 



-2 ( 1 ' " ' ■ , i'—x 



+ -7T- +e" 



d 2 4> [2 du dX 
+ - + 



dr 2 \r dr dr J dr 



0. 



In view of (1.7), the wave equation is equivalent to the following pair of equa- 
tions for 6, (: 

(1.10.) r (2e^f u - |)=(«»- DO + C 

(1.10b) r ^ = _( e 2A_ 1)c _ 9 

Thus is eliminated and we have a first-order system in the unknowns A, v, 9, £. 

Given initial data of bounded variation (see [1]) on a future light cone 
Cq with vertex at the center of symmetry), we consider the maximal sphere 
So in Cq" such that for each sphere S in Cq within So there is a point P on 
the central geodesic T whose past light cone Cp intersects Cq at S, and we 
have a development of bounded variation in the region bounded by Cp and 
Cq . Let Cq be the incoming null hypersurface through Sq in the future of 
Cq . Then, as we have shown in [1], the solution extends to Cq , however Cq 
cannot terminate at a regular vertex on V. We can choose the coordinate u so 
that 

u = —2r 

along the incoming null curve corresponding to Cq in the quotient space-time 
Q. The incoming null curves satisfy the equation: 

(1.11) ^ = --^- X . 

v 1 du 2 

Therefore we have 
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The origin (0, 0) in the coordinates u, r set up in this way cannot correspond 
to a regular point. Let the sphere So correspond to r = a (u = —2a). We 
define dimensionless coordinates t, s by: 

(1.13) u = -2ae-\ r = ae 3 ' 1 . 
Then t is constant along the outgoing null curves while 

(1.14) -=0, {3=l-e»- x - s , 

along the incoming null curves. Since s = corresponds to Cq , 

(1.15) = 0. 

The future of Cq corresponds to t > 0, and the interior of Cq corresponds to 
s < 0, the exterior to s > 0. We have: 



^ ^ dr 9s' 

while 

d d d 

(L16C) dl = - U d^- r d-r- 

With 

(1.17) K = e 2X , 

equations (1.6), (1.8a), 1.8b), (1.10a), (1.10b) take in the dimensionless coor- 
dinates of the form: 



(1.18a) 


dn 
~di 


+ (3^ K 
ds 


= (1- 


- 1 - C 2 ) 


(1.18b) 




dn 
ds 


= k{1 


-« + 2 ) 


(1.18c) 




dp 
ds 


= (1- 


/9)(2-«) 


(1.18d) 


89 
di 


a" 

+ ^dS 


= (1- 


/ g)[(«_l) (9 + C ] 


(1.18e) 




d( 

ds 


= -(« 


- i)C - 



Let us denote by a subscript the restriction to s = 0. Then by virtue of 
(1.15), that is 

(1.19) /3o = o, 



188 DEMETRIOS CHRISTODOULOU 

the restrictions of equations (1.18a) and (1.18d) to s = are: 
(1.20a) ^ = ko( K o-1-Co 2 ) 

(1.20b) -J- = («o- 1)0 O + Co- 

Equations (1.18b) and (1.18c) are equivalent to equations (1.9) and (1.7) 
for v and A, which in the dimensionless coordinates read: 

/-, ^- % du dX „ 9 

< L21a) Ts + Ts = B 

/. \ dv dX 9X 

< L21b > - e 

By (1.14), (1.17) and (1.19), 

(1.22) i/ = A = ^log/«o- 

Hence integrating (1.21a) from s = yields: 

(1.23a) (i/ + A)(t, s) = log /«o(t) + f 6> 2 (i, s'Jds'. 

Jo 

Also, writing (1.21b) in the form 

de u - x 



ds 

or 



e v+x - e"-\ 



Q V-X-S 

21 — e ^+A+s 



<9s 

and integrating from s = yields: 

(1.23b) e (^-A)(M)+s = 1 + T e ^+ A )(*' s ')+ s 'd s '. 

Jo 

Using (1.21b) we can write (1.18e) in the form: 



0(e"-*C) 



9s 

Hence, integrating from s = we obtain 

(1.24a) (e"- A C)(t,a) = Co(t) + ^,a) 

where 

(1.24b) £(t, s) = - f S (e u ' x 9)(t, s')ds'. 

Jo 

Let us define the mass ratio 

/. 2m 
(1.25) n= . 

r 
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We then have, 
(1.26) 



1-A* 



(see (1.6)). The fact that /x is nonnegative (see [1]) implies: 
(1.27a) « > 1. 

In particular, 

(1.27b) k > 1. 

2. The first instability theorem 

In the following we confine attention to the exterior of Cq~ and the future 
of Cq : s,t > 0. Let us define 

(2.1) 7 (*) = A«o(0 - 1)^'- 

Jo 

Lemma 1. 

Ko(t) < 2«o(0)eTW. 



Proof. According to (1.8a), m is nonincreasing along incoming null curves. 
Consequently, by (1.13) and (1.25) the function /Uo e "' is nondecreasing; hence, 
by (1.26), 

(2.2a) Ko(t) < ' 



provided that 



i 



i 



KO(0) 



On the other hand, since t' < t implies 

Ho{i!)e-* > A*o(t)e _t , 

we also have that 



K (r J - 1 = — > 



t'-t 



Hence, 



= log 



Mo(*)e 



t'-t 



-no®*?-* 

1 - A*o(0 



> log 



1 - e 



-t 



l-/x (i) 
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since fiQ < 1; that is, 

(2.2b) 
By setting 



e 7(*) 
«o(<) < jT^t- 



ii = log 



1 - 



we see that (2.2a) holds for t G [0, ii], which yields 

1 



Ko(t) < 

for i € [0,ti], while by (2.2b) 

«o(t) < 

for t £ (ti, oo). 



1 



1 



2k (0) 



e 7W 
1 - e-*i 



(2«o(0) - l) e T<*> 



Since 7 is a nondecreasing function, either 7 is bounded, in which case 
it tends to a finite limit 7(00) as t — > 00, or 7 is unbounded, in which case 
7(i) — > 00 as t — > 00. 

Lemma 2. 1/7 is bounded then fXo(t) — > as i — ► 00. 

Proof. Let t > to. Following the proof of Lemma 1 we obtain 



7(*)-7(*o) > /% 



A*o(*)e 



t'-t 



to 

= log 



l-// (t)e''>-' 
l-Aio(t) 



that is, 

which implies 
(2.3) 



=*o-t1 



1 - Ato(t) 



< e 7(*)-7(*o) _ 1 



=7(*)-7(*o) 



1 - e* 0_ * 

The result follows by setting i = * — 1 in (2-3), in view of the fact that 7 
bounded implies ^(t) — j(t — 1) — > as i — > 00. 

As we have noted, the incoming null hypersurface Cq cannot terminate 
at a regular vertex on T. The past of Cq is a terminal indecomposable past set 
in the terminology of [5] . In view of Lemma 2 and the extension criterion men- 
tioned in the introduction, we shall assume in the following that the function 
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7 is unbounded. Defining another null coordinate v which is constant along 
the incoming null curves and satisfies 

v = 2(r — a) 

along the outgoing null curve corresponding to Cq , we see that Q becomes a 
domain in the u, v plane in which u < 0, Cq corresponds to the line v = 
in Q, and the terminal indecomposable past set to the origin O which lies on 
the boundary of Q in the u, v plane. The point O is the past end point of the 
central component Bo of the singular boundary B of Q (see [1]). The function 
r extends continuously to O where it vanishes. 

The apparent horizon A is the set of points of Q at which dr/dv = 0. 
Each point of A corresponds to a sphere which has maximal area in the future 
light cone with vertex on T in which it is contained. According to the results 
of [1], A, if nonempty, is a spacelike curve which may contain outgoing null 
segments but does not contain incoming null segments. In fact A is given by 

(2.4a) A = {(u,v (u)) : u £ (u*, 0)} (J x , 

where v$ is a strictly decreasing function in (u*,0), u* > —2a, and the intervals 

(2.4b) I n =\ hm v (u), lim_v (u)\ 

correspond to the (denumerable) points of discontinuity of vq. Also, 
(2.4c) vq(u) — ► oo as u — ► u*. 

The future light cone, with vertex on T, which corresponds to the outgoing 
null curve u = u* is the event horizon H (see [2]). 

Moreover, A can equivalently be defined as the set of points of Q at which 
(1=1. The past of A in Q, the domain of the u,r coordinates, is the region 
where (i < 1 and the future light cones have positive expansion: dr/dv > 0, 
while the future of A in Q is the trapped region T, where (i > 1 and the future 
light cones have negative expansion: dr/dv < 0. The future boundary of T is 
the noncentral component B\Bq of the singular boundary B. The function r 
extends continuously to B \ Bo where it vanishes. According to the results of 
[1], B\ Bq is a strictly spacelike C 1 curve, given by 

(2.5) B\B = {(«, «*(«)): «e («*,0)}. 

Here v* is a strictly decreasing C 1 function in (u*,0), v* > vq. Letting 

(2.6) v* = lim «*(«), 

u— >0 

the central component £>o of the singular boundary B is given by 
(2.7a) B = {(0,v) : ve[0,v*}} 
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if A is nonempty, and 

(2.7b) B = {(0,v) : v £ [0,oo)} 

if A is empty. Also, if A is nonempty we have: 
(2.8) v$ = lim vq(u) E [0, w*]. 

In [4] we constructed examples where A is empty and the solutions have 
a regular extension to Bo\0, with r — > oo as t> — ► oo on £?o. Then O is a 
naked singularity. We also constructed examples where Bo \ O is nonempty 
with r extending continuously to Bo where it vanishes. Then Bo corresponds 
to a singular future null cone which has collapsed to a line (see [4] ) . 

Integrating equation (1.20b) yields: 

(2.9a) o (t) = e7(*>(0o(O)-J(t)) 

where 

(2.9b) I(t) = - /V^CotO^'- 

•/ o 

The aim of the present section is the proof of the following theorem. 

Theorem 2.1. Let 7 be unbounded. Suppose that either I does not tend 
to a finite limit as t — > 00 or, otherwise, 

e (0) ^ lim I(t). 

t^oo 

Then A is nonempty, 

Ho = v* = 0, 

so that Bo = O and both A and B\Bo issue from O . 

We recall the following theorem, which was proved in [2]. 

Theorem*. Let Cq be a future light cone with vertex on V and consider 
the annular region in C$ bounded by two spheres S\$ and S^o, with S^o in 
the exterior of S\fl- Let 8q and rjo be the dimensionless size and dimensionless 
mass content of the region, defined by: 

c r 2fi , 2(m 2i0 - mi 0) 

do = 1, r)o = • 

ri,o r 2fi 

Let and be the incoming null hypersurfaces through S±fl and ^2,0 
and consider the spheres Si and S 2 at which Cj" and C 2 intersect future light 
cones C + with vertices on T in the future of Cq . Then there are positive 
constants cq < 1/e and c± > 1 such that if Sq < cq and 



rjo > cioolog 




GRAVITATIONAL COLLAPSE OF A SCALAR FIELD 



193 



then S2 intersects an apparent horizon before S\ reduces to a point on T, that 
is, there is a future light cone C+ such that S2* is a maximal sphere in C+ 
while n* > 0. 

In the present context we may apply Theorem* with Cq in the role of Cf , 
any future light cone C + intersecting Cq in the future of Cq in the role of Cq , 
and any incoming null hypersurface C~ , respecting the spherical symmetry in 
the exterior of Cq in the role of C^~. Denoting 

,~ -, r\ \ 2(m — mo) , 

r 

we conclude that there are positive constants cq and c\ such that if at some 
(to, sq) with to > and so € (0, cq] we have 

v(to,so) > cis log ( — 
\s 0/ 

then there is a t* G (to, 00) such that the incoming null curve through (to, so) 
intersects an apparent horizon at t = t* , so k — > 00 along this curve as t — > ^ . 

Now if Theorem 2.1 is not true then there is an e > such that for each 
so € [0, e] the incoming null curve s = x(t; so) through s = so at i = does 
not intersect an apparent horizon at finite t. Let us denote by lZ e the region 
in the half-plane t > 0, 

(2.11a) ft e = {(t, s) : t € [0, 00) & s € [0, x(t; e)]} 

bounded by the incoming null curves s = and s = e). Given any positive 
constant c let us set 

(2.11b) H% = {{t, s) £K £ : s< c}. 

Then according to the above, 

(2.12) n < c lS \og : in 

Let us now consider equation (1.18d) and define: 
(2.13a) V = e-^(6e s -0 ). 

Using (1.24a) and (1.14) we derive from (1.18d) and (1.20b) the following 
equation of evolution of ip along incoming null curves: 

(2,3b) + » 

where 

(2.13c) w=(1-^)(k-2)-(ko-2) 
and 

(2.13d) p = e-1(u0 + Z). 
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We shall presently derive estimates for u and £, making use of Lemma 1 
as well as the bound (2.12). We begin with an upper bound for k. We have: 

1 1 



n(t, s) 



l-fi(t,s) 1 - fi (t)e~ s - r)(t,s) 

1 1 

< — i < 



W-rf«-«>"£S-<Wi) 



KQ 

in K c £ °. Thus (t, s) G Tlf and 

(2.14) slog - — 

V ' W " 4 Ci k (0) 

implies 

(2.15) n(t,s) < «o(0)eTW. 

Next, we obtain bounds for /3. From (1.21b) and the boundary condition 
i/ - A = (see (1.22)), 



(2.16) (i/-A)(t,a)= / («(*, a') - l)ds'. 

JO 

Substituting the estimate (2.15) we obtain, for (t, s) G TZ^°, 
(2.17a) (i/ - A)(t, s) < 4«o(0)eTWs 

provided that (2.14) holds. Hence, 
(2.17b) e ("-*)(*.«)-« < e 4«o(0)e7(«) a ^ 

and since for x G [0, c], c > 0, we have 

(e c - 1) 

e x <e c , e x -l< ^ } -x, 

c 

while (2.14) implies 

(2.18) WOjeTWs < — , 

ci 

(recall that s < cq < 1/e), also the following hold: 
(2.19a) e (u-\)(t,s)-s < e i/ Cl 

(2.19b) e (^-A)(t, a )- a _ j < 4ci ( e Vci _ i) K0 ( ) e 7(*) s . 

On the other hand for s > 0, we have 

(2.20a) {v- X)(t,s) > 0; 

hence, 

(2.20b) 1 - e ("-A)(*.*)-« < j _ e - s < s _ 
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From (2.19a), (2.19b), (2.20b) we conclude, recalling (1.14), that if (t, s) € Kf 
and (2.14) holds, then 

(2.21a) < 1 - 0(t, s) < e 1/ci 

(2.21b) \p(t, s)\ < 4 Cl (e 1/ci - l) Ko (0)eT (t) s. 

To obtain an estimate for u> (see (2.13c)), we write: 

(2.22) w= (1- /?)(«- «o) + 0(2- «o). 
We have, 

K - K = KK (/U - Ho) = KKq (?] - // (1 ~ e~ S )). 

Using Lemma 1 and estimates (2.12), (2.15), yields: 

(2.23) |(k-ko)(M)| <8 K0 (0)cie 2 TW S logQ^ 

for (t,s) € where (2.16) holds. Estimates (2.21a), (2.21b), (2.23), allow us 
to conclude, in view of the expression (2.22) that: 

(2.24) |u,(M)| < c 2 ( K0 (0)) 2 e 2 7« s l O gQ) 

c 2 = 16cie 1/ci 

for (t,s) £ Kf where (2.14) holds. 

To obtain an estimate for £ we consider the expression (1.24b). By the 
Schwarz inequality, 

(2.25) f(t, s) < f e s '- 2X ^9 2 (t, s')ds' • f e-'+MM')^'. 

Jo Jo 

Now according to (1.18b), 

(2.26a) = e s ~ 2X 9 2 ; 

as 

thus, in view of the definition (2.10), 

(2.26b) e s V (t,s)= f S e s '- 2X ^ s ">e 2 (t,s')ds'. 

Jo 

This is the first integral on the right in (2.25). Let us define 

(2.27a) 6(t, s) = e a -MM) f e -*'+MM') ds '. 

Jo 

By (1.21a), (1.21b), 

(2.27b) g = i(e 2 *-l + # 2 )>0; 
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hence for s > 

(2.27c) S(t, s) < e s f e' 8 ' ds' = e s - 1 

J o 

and the second integral on the right in (2.25), 

(2.27d) f e~ s ' +Mt ' s 'Us < e 2u{t ' s \l - e~ s ). 

Jo 

From (2.25), (2.26b), (2.27d), we conclude that 
(2.28) £ 2 < r/e 2 ^(e s - 1). 

Writing 

e 2, = Ke 2(,-A) ; 

and using (2.15) and the fact that by (2.17a), (2.18), 
(2.29a) e v - x <e l l c \ 
we obtain 

(2.29b) e 2u < 4e 2/ci K (0)eTW 

in 7*^° where (2.14) holds. Hence, using in addition estimate (2.12) we conclude 
that 

(2.30a) i 2 < 4cie 2 / cl K (0)e^W(e s - l)slog 

This also implies that 

(2.30b) \at,s)\ < c 2 ( Ko (0)) 2 e 2 ^slog 

(see (2.24)) for (t,s) € TZf where (2.14) holds. 

We now begin the proof of Theorem 2.1. Since nothing a priori is known 
about the asymptotic behaviour of the integral I defined by (2.9b), we must 
consider all possibilities. Let 

(2.31) 1+ =lim sup I(t) I- = liminf/(t). 

Then any I G is a limit value of /. The following seven cases exhaust 

all possibilities: 

Case 1: — oo < Z_ = l + < oo. In this case 

I(t) -> / as i -> oo (/ = I- = 1+) 

and the hypothesis of Theorem 2.1 states that 

0o(O) + I 

Case 2: Z_ = l + = oo. 
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Case 3 
Case 4 
Case 5 
Case 6 
Case 7 



I- = l + = — oo. 

— oo < Z_ < l + < oo. 

— oo < Z_ < l + = oo. 

— oo = /_ < l + < oo. 

— OO = /_</+ = oo. 



In Cases 1 and 4 the integral / is bounded, hence so is 9 e T. Let us set, 
in these cases, 



(2.32) 



b= sup o (t)e-T(*) 
te[o,oo) 



In Case 1, setting 

(2.33a) h = |6>o(0) - Z 

we can find a T > such that 

2h 



hence, 
(2.33b) 

In Case 4, setting 

(2.34a) 

we have 



\h(t) -l\< 



\0o(t)\ > £e7<*> 



for all i > T; 



for all t > T. 



h = l+-L 



max{|e o (0)-Z_|,|e o (0)-Z + |}> -. 



It follows that there is an increasing sequence (i n : n = 1, 2, ...), t n — > oo as 
n — > oo, such that 

|0o(O)-/(t„)|>£; 



hence, 
(2.34b) 



?o(*n)|>^*») :n = l,2,.... 



We shall treat Cases 1 and 4 first. From (2.13d) and estimates (2.24) and 
(2.30b) we have, in view of (2.32), 

(2.35) \p(t,s)\ <c 2 ( Ko (0)) 2 (6+l)e 2 ^ S logQ 

in 1Z C £ ° where (2.14) holds. Denoting by 
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the derivative along incoming null curves with respect to the parameter t, we 
then obtain from (2.13b), 



(2.36) 



dt 



<c 2 (/q,(0))V^logQ)(!V>| + 6 + l) 



along the incoming null curve 

(2.37) s = X (t;s ) ( x (0;s )= SQ ) 

through s = sq G [0, e] at t = 0, provided that s < cq and (2.14) holds. Let us 
define: 



(2.38) 



<p(t;s ) = c 2 (k (0)) 2 



r e 27(f) 


slogQ) 


/o 





dt'. 



s=x(t';s ) 

Integrating (2.36) along the incoming null curve (2.37) then yields: 
(2.39) m,x(t;s ))\ < e<^ s °V(0, So )| + (b + l)(e^ - 1) 
provided that 

(2.40a) X (t'; so) < co 

and (condition 2.14) 



(2.40b) 



s log ( - 



< 



-7(f) 



=x(t';so) 4ciK (0) 



hold for all t' € [0,*]. 

To proceed we must estimate ip(t; so). This requires the bound 



(2.41a) 

Now, by (2.12), 



n(t,s) < -K (t) : for all s £ [0,x(t;s o )]. 



/j,(t,s) = no(t)e s + r](t,s) 



< fi (t) + cislog ( - 



for (t, s) € TZ^°, while (2.41a) is equivalent to: 

1 2 

V(t, s) < - + -/j, (t) : for all s £ [0, %(t; so)]. 
Consequently, (2.41a) holds when 

clslog (I)<I (1 _ w(f)) = _i (() . 



Thus, by Lemma 1, the bound (2.41a) follows if 



(2.41b) 



slog 



< 



-1(f) 



--x(t';s ) 6ci«o(0)" 
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We note that condition (2.41b) is stronger than condition (2.40b), so only- 
condition (2.41b) together with condition (2.40a) need be considered from this 
point. 

Substituting the bound (2.41a) in (2.16) yields: 

(2.42) {y - A)(t, x (t; s )) < (|«o(t) - l) x(t; so); 

hence, 

(2.43) <^pl = ^ x(t . So)) > 1 _ e (|«o(t)-2)x(*; S o). 



Now, 



/(*) 



(e x - 1 - x)/x 2 : x + 
1/2 : x = 



is a continuous strictly increasing function on the real line. Thus x < 1 implies 

/(x)</(l) = e-2; 

that is, 

e x - 1 < x + (e - 2)x 2 . 
Since condition (2.41b) implies that 

'3 



;«o(*)-2) x(t;«o)<i, 



it follows that 

2 



l_ e (§«o-2)x>_g Ko _ 2 ) x -(e-2) 
and from (2.43), 



2 «o-2) x 2 , 



(2.44a) ^ > _ ( r Ko _ 2 ) x - ( e - 2) ( > - 2 ) X \ 



dt 

or 



(2.44b) ^ ( e -§7+**I) < ( e _ 2 ) e -§T+^ Q„ _ 2 ^ . 

Let < to < Integrating (2.44b) on [to,ti] yields: 

(2.44c) e-fT^H^i 1 _ e -§7(*0+frl < ^ , tl ), 

X(*i) X(*o) 

where 

(2.44d) g(t , h) = (e-2) J* e -§7+^ Q Ko - 2 ) * dt. 
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We have 



(2.45a) (| Ko ~ - I (K °- 1)2 + I 



and 



(2.45b) J e~^ + ^dt < 2e _ §7(*o) (e^ 1 - e 3*°) 



while, by Lemma 1, 



Jt Jto at 

< 2ko (0) f 1 ^e-^+^dt 
Jt dt 

= 4/c (0) | e -|7(^o)+^o _ e -|7(ti)+|*i + I e -|7+|*rft| , 
which, since 



(2.45c) jf* (kq - l) 2 e-f 7+l*dt < 4 Ko (0)e^ 1 ( e "57(*o) _ e -57(*i)) . 



^ Jto 

implies 

ti 

By (2.45b) and (2.45c) we conclude, in view of (2.45a), that 
(2.46a) 0(t o ,*i) < (e-2)|i e -i7(*o) ( e l*i - e l*o) 

+9K (0)e3* 1 (c-37(to)_ e -|7(*i))} 

which implies 

i 19 
(2.46b) 0(to,*i) < c 3 K (0)e2*i c 3 = — (e - 2). 

Consequently, 

(2.47a) 'jijo- ' i ) < -r 

provided that 



1 - 5 7(ti)+±ti. X 



x(*i;«o) 



(2.47b) x(*i;*o)< £ 



3 7(ti) 



2c 3 k (0)' 

We conclude from (2.44c) that under this condition 



e -|7(*o)+^o I > i e -|7(ti)+3*i - ; 

x{to;s ) 2 x(*i;so)' 
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that is, 

(2.48) x (*o; so) < 2el^(* 1 )- / T(* ))-^* 1 -*°)x(ii; so) 

holds. 

We turn to the estimation of ip(t;so) defined by (2.38). Setting to = t', 
t\ = t in (2.48) and noting that for x > we have 



: 1/2 logQ)<', 



and we obtain 

(2.49a) X (t' ;so )log(-^-^) < ^(x(f;*o)) 1/2 



< 2^ e i(7(*)-7(f))-J(*-f) (x(t;ao)) i/2. 



Hence, 
(2.49b) 

/' eWx(f ; so) log (-t^-V) < — e 27W T e-^-'W • (*(f ; *o)) 1/2 



e 
and 

(2.50) ^ao) < c 4 MO)) 2 e 2 T«( X (t; S o)) 1/2 

2 7/2 
C4 = C2. 

e 

This estimate holds provided that condition (2.40a), condition (2.41b) with i 
replaced by t', that is, 

1 \ < e-W 

vX(*';so)/ ~~ 6ciK (0)' 
is satisfied for all i' <G [0, t] and condition (2.47b) with t\ replaced by t, that is, 



(2.51*) x(t'; S0 )log(^ y )< 



(2.51b) x(t;s )< ' 



-7W 



2c 3 k (0)' 

is satisfied as well. 

By virtue of estimate (2.50), if 

(2-52) X (Mo)<(min|log2, i ^ TTy | 

then we have 

(2.53a) e^ t;s °) < 2, 



48(6 + 1) J 7 c|(ac (0)) 4 
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and 

¥>(t;so) - ---- — h 



(2.53b) e ^-l<2^; So )< 2 . .. iy 

Therefore, if also 

(2.54a) sup |V(0; s) \ < A 

s6[0,s ] 48 
then from (2.39) we conclude that 

(2.54b) m,x(t;s ))\< A 

By (2.13a) and (2.34b) this implies: 

(2.55a) \e(t n ,s)e s \>je^ tn) :n=l,2,... 

for all s G [0, s n ], where 

(2.55b) s n = x(t n ;s )- 

For, if conditions (2.40a), (2.51a), (2.51b), (2.52), (2.54a) hold for s , then 
they hold a fortiori if so is replaced by s' Q G [0, s n ]; thus (2.54b) also holds 
with so replaced by s' . Since for each s € [0,s n ] there is a s' <G [0, s ] such 
that x{tn', s'o) = s, the result follows. We remark that in Case 1, the sequence 
(t n : n = 1,2,...) can be chosen to be an arbitrary increasing sequence con- 
tained in [T, oo) such that t n — > oo as n — > oo. Now, (2.55a) implies (see 
(2.26b)): 



(2.56a) r)(t n ,s n ) = e~ Sn / e s - 

JO K 



-ds 



- h 2 et'f-> , 

£ 64^(0) "» 

where we have used the bound (2.15). Since s n < cq and the function 



is decreasing for x > 0, we have 

1 - e~ Sn 1 - e _c ° 
> • 

Sn C 

Thus (2.56a) implies: 

(2.56b) n(t n ,s n ) > ^-e^s r 

1 1 - e~ c ° 
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The lower bound (2.56b) contadicts the upper bound (2.12) if we choose 

(2.57) s n = e -C6h 2 e7(*n)/«o(0) 

where cq is some constant such that 

. c 5 

C6 > — • 
Cl 

We shall show that the choice (2.57) is, for sufficiently large n, consistent with 
conditions (2.40a), (2.51a), (2.51b), (2.52), (2.54a). 

We note that in the above conditions t stands for t n . Thus conditions 
(2.51b) and (2.52) read: 

e -§7(*») 

(2 ' 58a) '» £ 

and 

(2 - 58b) S "-r in l l0g2 '48(6Tl)}J ^oW' 

respectively. Since, according to the hypotheses of Theorem 2.1, 

l(t n ) — ► oo asn — > oo, 

both these conditions are satisfied by the choice (2.57) if n is sufficiently large. 
Also, conditions (2.40a) and (2.51a) are satisfied at t' = t n if n is sufficiently 
large: 

(2.59a) s n < Co 

/ i \ e -7(*n) 
(2.59b) Sn i g — < 



s n J 6cik (0)' 

Let t* be the least value of t € [0, t n ] such that (2.40a) and (2.51a) are satisfied 
for all t' € [t, t n ]. Then if t* > 0, either 

(2.60a) x(t*;so) = co 

or 



(2.60b) X (i*;so)log, w -, , nV 

Vx(i*;so)/ 6cik (o) 

However under these circumstances estimate (2.48) holds with i , t\ replaced 
by t*, respectively 

X(t*;s ) < 2 e KT( i ")-T^))-5(*"-**) Sn ; 

so, a fortiori, 

(2.61) x(t*;«o)<2e§T(*»)s n . 
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We see that the choice (2.57) contradicts both (2.60a), (2.60b), if n is suffi- 
ciently large. We conclude that i* = so conditions (2.40a) and (2.51a) are 
satisfied for all t' € [0, t n ] and (2.61) reads 



(2.62) 



as n — > oo. 



In view of the fact that solutions of bounded variation have the property that 
9(t, s) is at each t, in particular at t = 0, continuous from the right with respect 
to s, condition (2.54a) also follows for sufficiently large n. We conclude that 
the choice (2.57) is, for sufficiently large n, consistent with all conditions. We 
therefore reach a contradiction if we suppose Theorem 2.1 to be false in Cases 
1 and 4. 

To treat the remaining Cases 2, 3, 5, 6, 7, in which / is unbounded, we 

set: 



(2.63a) 



b(t) = sup 
t'e[o,t] 



Then b is a nondecreasing function tending to infinity as t — > oo, and there is 
an increasing sequence (t n : n = 1, 2, ...), t n — > oo as n — > oo, such that 



&o(t n )e 



(2.63b) 

In [0, t n ] we have, as in (2.36) 



7(*») 



bo(t n ) — > oo asn — > oo. 



tit 



< C2 (K (0)) 2 e 2 T« S log Q) (H +6(t„) + 1); 



hence integrating we obtain 

(2.64) |V(*n,«n)| < e^' s «)|V(0, So )i + (6(*„) + 1) (e^'°> - l) 

where again 

Sn = X(*n!So)- 

As before, the conditions 



(2.65a) 

(2.65b) X (t; s ) log 

and 

(2.65c) 

imply 
(2.66) 



x(t;so) < co : for all t G [0, t n ], 



1 



x(*;«o) 



-7(*) 



< 



6cik (0) 



for all t e [0,t n ], 



s n < 



e 2 



2 7(*n) 



2c 3 k (0) 
^(tn;s )<c 4 (K (0)) 2 e^^)4/ 2 
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(see (2.50)). Thus if 

(2.67) s n < ( min (log 2, - - 1 , 

V ^ V I '4(6(*n) + l)/y ^(«o(0)) 

then we have 

(2.68a) e <p(tn,s ) < 2 

and 

(2.68b) ^"-^^..ISp^. 
Therefore if also 

(2.69) sup \^j(0,s)\<] 

se[o,s ] 4 

we conclude from (2.64) that 

(2.70a) m n ,s n )\<l. 

In fact, since conditions (2.65a)-(2.65c), (2.67), (2.69), hold a fortiori if sq is 
replaced by s' € [0, so], we conclude that 

(2.70b) sup \iP{t n ,s)\ < 1. 

se[o,s„] 

Hence, 

(2.71) \6(t n ,s)e s \ > \e (t n )\-e^mt n , s )\ 

> (b(t n ) - l) e T(*») > h{t n )e^ 
for all s € [0, s n ], if n is large enough. It follows that (see (2.56a), (2.56b)) 

(2.72) V (t n ,s n ) > C7 iMyi! e 7(t.) Sn 

K (0) 
1 l- e -Vco 

° 7 = 16 1/co 
The lower bound (2.72) contradicts the upper bound (2.12) if we choose 

(2.73) Sn = e -c 8 (6( t „)) 2 e7(*n) /Ko(0)! 

where cs is some constant such that 

c 8 > — . 

ci 

Since 

fe(^n) — > co as n — > oo, 
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as well as 



l{tn) 



oo as n 



oo, 



the conditions (2.65c), (2.67) are satisfied by the choice (2.73) if n is sufficiently 
large. Also, the conditions (2.65a), (2.65b) are satisfied at t = t n . The continu- 
ity argument which we applied previously then shows that conditions (2.65a), 
(2.65b) are satisfied for all t € [0, t n ] and, moreover, (2.62) holds, which implies 
that condition (2.69) is verified as well. We conclude that the choice (2.73) 
is, for sufficiently large n, consistent with all conditions. We therefore again 
reach a contradiction if we suppose Theorem 2.1 to be false in the remaining 
Cases 2, 3, 5, 6, 7. This completes the proof of Theorem 2.1. 



In the following we confine attention to the case not covered by Theorem 
2.1, the case where / tends to a finite limit as t — > oo and 



Following the proof of Theorem 2.1 we see that the argument of Cases 1 and 
4 still applies if there is a positive constant p < 1 such that 



3. The second instability theorem 



(3.1a) 



9 (0) = lim I(t). 

t—i-OO 




Therefore we can assume in the following that 



(3.1b) (0 O (O) - /(t))e3*T(*) _> as t -> oo 



for all positive constants p < 1. 




We then have 



(3.2b) 




Let us also define the functions 



(3.3a) 
(3.3b) 

Then, from (2.13b) we have 



ip = e T ip 
P = e ~ T P- 



(3.3c) 
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Thus, if we also define a function a by 

(3.3d) Jl + / j^ = /5) a(0,s)=0, 

that is, 

(3.3e) a(t, X (t; s )) = f p(t', X {t'; s ))dtf, 

Jo 

then 

(3.3f) ^ = 7 p + a 

where satisfies 

(3.3 g ) ^ +/ ^ = o, m S ) = ms) 

so that 

(3.3h) i,{t, X (t;s Q ))=^{0,s ). 



Let us fix 



P= 2 



in (3.1b). Then from (2.9a) there is a constant b such that 

(3.4) \6 (t)\ < ftet^W . f or a n t > 0. 

If the conclusion of Theorem 2.1 is false, there is an e > such that for each 
s € [0,e] the incoming null curve s = x(^ s o) through s = s at t = does 
not intersect an apparent horizon at finite t. Estimates (2.24) and (2.30b) then 
hold in TZf where condition (2.14) holds. It follows that: 

(3.5) \p(t,s)\ <c 2 (K (0)) 2 (6 + l)eiTW S logf- 



in Hf where (2.14) holds. Also, conditions (2.51a) and (2.51b) imply (2.48) 
with t±,to replaced by i, t' € [0, t], respectively, that is 

(3.6) s' < 2e§(7(*)-7(f ) a 
with 

s / = x(*';so), s = x(*;so)- 
The same conditions imply estimate (2.50), which if 

(3.7) x (t;s ) < (log2) 2 



cK^o(O)) 4 
then it, in turn, implies 
(3.8) e <p(*;«o) < 2. 
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Hence, in view of the fact that by estimate (2.24), 
(3.9) \T(t, X {t;s ))\<<p{t;s ) 
we have 

(3.10a) \p(t,s)\ < 2\p(t,s)\ 

< 2c 2 (M0)) 2 (b+l)e^ t h\og(-) . 



Moreover, if (2.51b) and (3.7) hold with t replaced by t', for all t' € [0,t], then 
also (3.8) and (3.10a) hold with t,s = x{t; so), replaced by t', s' = x(t'; so), for 
all t' £ [0,t]. It follows that: 

(3.10b) \a(t,s)\ < f \p(t',s')\dt' 

Jo 

< 2c 2 ( Ko (0)) 2 (6 + 1) J* e^'V log (1) dt'. 
Now, by virtue of (3.6) we have (see (2.49a)) 



< ^ e !(7(i)-7(f))-3(t-f) s V2. 



hence 



< 2 — e il(t) f e -\(t-t') dt , . s i/2 
e Jo 

e 

Thus we obtain 

(3.10c) |<r(t, s)| < 2c 4 (K (0)) 2 e37(V/2 

(see (2.50)), which, being valid for all s € [0,5*] implies 



(3.10d) lk(*)IMo lS .) : = ^ J°* cr 2 (t,s)ds 

< c 4 (Ko(0)) 2 e^W S *. 
On the other hand, from (3.3h), 

(3.11) ll#)lli 2( o, s ») == [" j> 2 (t,8)ds 





/•so 



/■SO* $y 

/ V> (°> s o)^— {t;s )ds , 
Jo OSq 



GRAVITATIONAL COLLAPSE OF A SCALAR FIELD 



209 



where 

s = x(t;s ), s* = x(i;«o*)- 

Now, differentiating the equation 

dx{t;s ) 



dt 



/3{t,x(t;s )), x(0;so) = so 



with respect to sq yields: 
dt \8sq 

By equations (1.18c) and (2.13c), 
(3, 2b ) f 
Thus, substituting in (3.12a) and integrating, 



(3.12a) J£(^( t;ao )) =^ t , x (t;s ))^-(t;s ), ^-(0;s ) = l. 

2 — Kq — LO. 



dx 
ds 



(t; s ) = exp 



{2-Ko(t')-uj(t',x{t';so)))dt' 



or, in view of (2.1) and (3.2b), we see that 



?*(t,.s n \ = J-l(t)-r(t, X (t;s )) _ 



(3.12c) _L( t;So ) = e 

By (3.8), (3.9) we then have 
(3.12d) 

Substituting in (3.11) we conclude that 

(3.i3) \m)\\m ,s* } > ^^-^sl'Ms^), 

where 
(3.14) 

Now we wish to achieve 

(3.15a) \\4>(t)\\L*(o,s*) > 2|k|U2 (0iSs) 

so that 
(3.15b) 



h(s) = J^ 2 {0,s')ds'. 



L 2 (0,s*) > IIV^)IIl 2 (0,s*) - lkllL 2 (0, Sa .) 



1 



> 2ll^(*)lli 2(0 , s ,) 

(see (3.3f)). In view of estimates (3.10d) and (3.13), this requires an upper 
bound for in terms of sq*, which in turn requires an upper bound for (3. 
Since rj > 0, we have 



n(t, s) 



> 



1 - n(t,s) 1 - Ho{t)e s 
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hence (see (2.16)), 



log /i-^o(*K 



1 - no(t) 



and 

(3.16a) (3(t,s) = l-e^-W^' 3 

< 1 -e~ 2s - {e~ s -e- 2s )K (t). 



Since 



(3.16a) implies 



1 - e- 2s < 2s - ^s 2 : if s < c , 



(3.16b) 0(t, s) < (2 - K (t))s + j («o(0 " 1> 2 - 

Thus, 

(3.17a) ^< (2 _ Ko)x + ^( Ko _i )x 2 

or 

(3.17b) |( e .-,I)>_3 (B0 _ 1)e «- r 
Integrating (3.17b) on [0, t] yields 

(3.17c) f > -- -WO! 

s so 2 Jo 

2 in eft' 



= -|(l- e *-7(*)+jf e *'-7(O d ^ 
> -^(l-e-TW) > -| e *, 



where s = x(£; so). It follows that if 

(3.18a) s < ^e - *, 

then 

(3.18b) s < 2e*-TW«o- 

In particular, if 

(3.19a) s * < -e"*, 
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then 

(3.19b) s* < 2e*-TWa *. 

Substituting this in (3.10d) we conclude that under condition (3.19a), 
(3.20) ^ *) > 2^c A (K Q {Q)?e\ t+ l^sll 2 

implies (3.15a), hence also (3.15b). 
Now, we have (see (2.56a)): 

- ^h, 



(3.21) „(«,»,) = e— /" ' e'-£ 

JO K{t, 



s) 



e -2c 



o 



where we have used the bound (2.15) and the condition 

s* < Co- 

From (2.13a) and (3.3a), we have 

(3.22a) e s 6 = 6 + e^ +T 4>. 

It follows that 

(3.22b) ||e^(t)|| L2(0lS .) > We^mW^^ - ||0 o (*)ll^(CM.)- 

By (3.8) and (3.15b), 

(3.23a) ||e^(t)|| L2(0 , s ,) > \e™\\4(t)\\»<f>,..) 

while by (3.4) and (3.19b), 

(3.23b) \\e (t)\\ L2{ o,s*) = \e (t)\sl /2 < 2 1 /2 e ^+|7Wfe s V 2 . 

In view of the lower bound (3.13) we conclude that 
(3.24a) h(s *) > Wb e -^ {t) 

implies 

(3.24b) IIWII^o,..)^^™!^!^.). 
and 

(3.24c) \\e s e(t)\\ LHo ^ > \e™\\4{t)\\*(o*.) 
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Substituting this in (3.21) yields: 

g-2co 

(3.25) r)(t,s*) > 2 8 Ko (-o) etso * /l2 ( So *)- 

On the other hand, the bound (2.12) at (t, s*) reads 
(3.26a) rj(t, s*) < cis* log (Jr^J ' 

which by (3.19b) implies 

(3.26b) 7?(t, s») < 2cie*-^s * {log + 7(0 - *} • 

This contradicts (3.25) if 

(3.27) h 2 M > C9Ko ( )e-7(*) {log + 7 (t)-tj 

c 9 = 2 9 e 2co ci. 

Summarizing, the hypothesis that the conclusion of Theorem 2.1 is false 
leads to a contradiction if for every e > there is a so* € (0, e] and a t £ 
[0,oo) such that the requirements (3.20), (3.24a) and (3.27) are satisfied, and, 
moreover, the conditions (2.40a), (2.51a), (2.51b), (3.7), that is, with 



s* = x(t';so*), 



the conditions: 



(3.28a) s* < c : for all t' € [0, t] 

( 1 \ e'lW 

(3.28b) si log - < — : for all t' G [0, t] 

V</ 6ci« (0) 



(3.28c) < < ILL— : for an ^[0,4 

(3.28d) < < (log2) 2 c , ( ^ (Q))4 : for all fe[0,t], 

respectively, hold, and, finally, condition (3.19a) holds as well. 
Given so*, let us define t by 

(3.29a) t + 57(t) = log f — 

i.e. 

(3.29b) So , = e -*-57W. 

Then if t is large enough so that 

(3.30) 7 (t)>±log3, 

5 
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then condition (3.19a) is verified. This implies (3.19b) with t replaced by any 
t' G [0,t], that is: 

(3.31a) < 2e t '-^ {t ' ) s , : for all t' € [0,*]. 

Substituting (3.29b) we obtain 

(3.31b) s' # < 2e~ 5 ^ {t) : for all t' € [0,*]. 

It follows that (3.28a), (3.28c), (3.28d) are verified if t is large enough so that 
(3.32a) 7 (t) > ^log(^) 

(3.32b) 7 (t) > ^log(4c 3 K (0)) 

(3.32c) 7 (t) > 21og^^+log2, 



log 2 



respectively. Also, since 



1 \ 2 



<log (-)<-« 



/1/2 



(3.33a) si< T — J7 - : for all fe[0,t] 



(3.28b) holds a /ortiori if 

144c 2 (k (0)) 2 

which by virtue of (3.31b) is verified if t is large enough so that 

(3.33b) j(t) > i{21og(12c lKo (0))+log2-2}. 

We turn to the requirements (3.20), (3.24a) and (3.27). Substituting the defi- 
nition (3.29b), these requirements read 

(3.34a) ft^W) > 2 5 / 2 C4 (Ko(0)) 2 e-iT« 

(3.34b) hie-*-*?®) > 166e-2TW 

(3.34c) ^(e-*-^^) > (6c 9 ) 1 / 2 (K (0)) 1 / 2 (7(t)) 1/2 e-57W, 

respectively. For large i, (3.34b) is the strongest requirement. Let us assume 
that 

(3.35) limsup {eifW^e-f-STW)) = oo. 

Then given any T <G (0, oo) we can find a t G [T, oo) such that with so* defined 
by (3.29b) all conditions and requirements are satisfied. We have therefore 
proved: 

Theorem 3.1. Let 7 be unbounded and let 
I{t) -» 6> (0) as t -> 00. 
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Let g{s) be the function on (0, 1) defined by 
Consider the function 



h(s) = ^ jT (e s '6(0, a') - 6{0, 0) f ds' 
defined for s > 0. Then if 



limsup < > = oo, 



i/ien the conclusion of Theorem 2.1 holds. 



4. The exceptional set 

We now investigate the subset £ of the space of initial conditions of 
bounded variation on Cq , which lead to the formation of a singular boundary 
B, with the function 7, defined along Cq , the past light cone of O, the past end 
point of the central component Bq of B, being unbounded, while the conclusion 
of Theorem 2.1 fails. 

According to the definitions of [1] initial conditions of bounded variation 
means that 

(4.1) a = ^(rcf*) = 9 + 

is a function of bounded variation along Cq. This is equivalent to both 6 and 
4> being functions of bounded variation along Cq. The total variation of <f> 
along Cq is equal to the integral 

\ w- 

Jo r 

along Cq. In terms of the coordinates (t, s) defined in Section 1 we have 

/oo 
\6(0,s)\ds. 
-oo 

Thus at=o being a function of bounded variation is equivalent to 6t=o being 
a function of bounded variation which is integrable on the real line. Here, we 
shall characterize initial conditions in terms of the function 6 t =o = 

Suppose then that •& belongs to the set £. Then according to Theorems 
2.1 and 3.1, we have 



(4.3) 



I(t) -» 0(0) as t -» 00, 
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and with 

h(s) = J _ 
s Jo 



h(s) = J- I (e s '$(s>) - $(0)) 2 ds> 



(s > 0), 

(4.4) lim sup ( 1 < oo, 

s^o+ lg{s)i 

where g(s) is the function defined in Theorem 3.1. Let f\ be a nonnegative 
integrable function on the real line, vanishing on (— oo,0), whose restriction to 
[0, oo) is absolutely continuous and 

(4.5) hm/ 1 ( S ) = l. 

Let also / 2 be a nonnegative integrable absolutely continuous function on the 
real line, vanishing on (— oo, 0], such that 



oo. 



(4 - 6) ^{^il^^'} 

For example, we may define / 2 on (0, 1) so that 

- I* e 2s ' fi(s')ds' = g(s) : for all s G (0, 1); 
s Jo 

that is, 

h{s) = e ~ S] i^^ : f ° ra11 
Given real parameters Ai, A2 we then consider the initial data given by: 

(4.7) % 1 ,a 2 ) = ^ + Ai/i + A 2 / 2 . 

Since the restrictions of "!9(a 1 ,a 2 ) an d $ to the interval (— 00, 0) coincide, the 
corresponding solutions coincide in the interior of Cq (domain of dependence) 
and define the same functions j(t) and I{t). Since by (4.3) and (4.5) 

(4.8) <W 2 )(0)= Hm J(t) + Ai 

if Ai / 0, then Theorem 2.1 applies so that $(\ lt \ 2 ) £ £, while if Ai = 0, 
A 2 / 0, then by (4.4) and (4.6), 

limsup < — > = 00. 

s^o+ { g(s) J 

Hence Theorem 3.1 applies and again $(a 15 a 2 ) ^ £■ Therefore the 2-dimensional 
linear subspace II# of the space of initial data defined by 

(4.9) n^ = {^ (AliA2) : (A!,A 2 )G^ 2 } 
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intersects £ at only one point, the point corresponding to (Ai,A2) = (0,0), 
that is •& itself. 

Suppose next that <G £. Then 

IL# p| IV = unless ■& = #'. 

For, if 

(4-10) tf( Al ,A 2 ) = tf(A^) 

then i? and coincide on (— oo, 0); thus they define the same functions ■~f(t),I(t) 
and g(s), and the same functions fi(s), f'2(s). By (4.3), 

tf(0) = tf'(0) = lim I(t). 

t^oo 

Equality (4.10) at s = then yields 

Ai = a;. 

Thus (4.10) becomes 

- 0' = (A' 2 - A 2 )/ 2 

and since by (4.4) 

(h(s)\ ,. (h'(s)\ 

iimsup < > < oo, limsup < — -— > < oo 

we obtain, in view of (4.6), 

A' 2 = A 2 , = 0'. 

We have thus proved: 

Theorem 4.1. Consider the exceptional set £ in the space of initial data 
BVf^L 1 on the real line. Then for each i9 € £ there is a 2- dimensional linear 
subspace 11$ such that 

(n 1? \{0»n^ = 0. 

Moreover, if ■$,{}' € £, then 

Iltfp|IV =0 

unless and $ coincide. We may therefore say that £ has positive codimension 
in the space of initial data. 
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